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The subject of this paper is the energy transfer phenomenon in a rigid
and opaque body that exchanges energy, with the environment,
by convection and by diffuse thermal radiation. The considered
phenomenon is described by a partial differential equation, subjected to
(nonlinear) boundary conditions. It is presented with a minimum
principle, suitable for a large class of energy transfer problems. Some
particular cases are simulated. © 1992 Academic Press, Inc.

INTRODUCTION

The majority of the works whose main subject is the
energy transfer phenomenon in rigid bodies is concerned
with linear descriptions. In other words, the phenomena are
usually represented by a linear mathematical problem.

However, in general, the reality is not linear and, in many
situations, cannot be approximated by linear descriptions.
One of these situations occurs, for instance, when a body is
at very high temperature and, consequently, the heat loss by
thermal radiation is not negligible.

The main subject of this work is the coupled conduction/
convection/radiation heat transfer phenomenon in a rigid
and opaque body with internal heat supply.

The main objective is to present a reliable way for
simulating such nonlinear problems using finite elements. In
other words, it will be presented with a minimum principle
suitable for a large class of nonlinear energy transfer
problems.

This minimum principle will be represented by a con-
tinuous, convex, and coercive functional whose existence
provides an useful way for numerical simuiations and
assures the solution’s existence and uniqueness.

The use of the minimum principle in the simulation of
nonlinear energy transfer phenomena will be illustrated in
this work by a typical example in which the conduction/
convection/radiation heat transfer phenomenon in a cylin-
drical body is simulated using finite elements.
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THE STEADY-STATE HEAT
TRANSFER PHENOMENON

Let us consider a continuous body B represented by the
bounded open set 2 with regular boundary 2. When this
body is assumed rigid and opaque the energy transfer
mechanism inside Q is the conduction heat transfer. The
steady-state conduction heat transfer phenomenon is
governed by the equation [1]

—Divq+4¢”=0 in 2 (1)
in which ¢"” represents the internal heat supply, per unit
time and unit volume, and q is given by (Fourier Law)

q=~-KGrad T. 2)

The fields q, T, and K represent, respectively, the conduc-
tion heat flux (per unit time and unit area), the absolute
temperature, and the thermal conductivity. The tensor field
K is positive-definite and, in this paper, may depend only on
the position X.

The above equation (energy balance) must be subjected
to boundary conditions. These boundary conditions arise
naturally when it is imposed continuity in the normal heat
flux across dQ. Continuity holds if the normal conduction
heat flux is equal to the sum of radiant and convective heat
fluxes on 0R. This condition may be represented as follows

q en= qconv + qrad on aQ (3)
in which n is the unit outward normal (defined for all
X € 0R), Gcony 18 the heat (per unit time and unit area) lost
by convection, and ¢4 is the heat (per unit time and unit
area) lost by thermal radiation.

Usually the convective heat loss is given by [2]
=hT-T,) on o2 (4)

qCO'ﬂV



SIMULATION OF NONLINEAR ENERGY TRANSFER

in which T, is a temperature of reference (T, = T.(X)=0,
X € 0Q) and h is the convection heat transfer coefficient field
(h=0).

The radiative heat loss is given by [3]

on 0Q (5)

Graa=60T*—¢

in which ¢ is the Stefan-Boltzmann constant, ¢ is the
emittance field (0 <e< 1) and ¢ (¢ =0) is a given field that
represents the thermal radiant energy coming from the
environment.

Combining (1), (2), (3), (4), and (5) we have the mathe-
matical problem

Div(KGrad T)+4¢" =0 in Q

—KGrad Ten=¢eoT*—c+hT-T.,)
on 082

(6)

in which the unknown is the absolute temperature T.
Since T represents an absolute temperature we shall

employ, instead of Eq. (5), the equation

on 042

Graa=e0 |TI° T~c (7)

which is thermodynamically equivalent (because 7> 0) and
mathematically more convenient.

The employment of Eq.(7) is fundamental for the
existence of a minimum principle.

Combining (1), (2), (3), (4), and (7) we have the mathe-
matical problem

Div(K Grad T)+ 4" =0 in
~KGrad Ton=¢o [T T—c+MWT—-T,) (8)
on 02
in which the unknown is the absolute temperature 7.
In order to enlarge the class of phenomena to be studied

we shall discuss, in the next section, a generalization of
problem (8) and its variational formulation.

A GENERALIZED HEAT TRANSFER PROBLEM
AND ITS MINIMUM PRINCIPLE

Let us consider the problem (that may be regarded as a
generalization of Eq. (8))

in 2
on 0Q

Div(KGrad T)+ 4" =0

9)
—KGrad Ten=f

in which the fields f (f=f(T,X), X€dQ) and ¢”
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(¢"=¢"(T,X), XeQ) may depend on the unknown T,
provided

§" (T, X)=§"(T,, X) if T)<T, forall XeQ
(10)
XeoQ2

(11)

AT, X)< AT, X) if T,<T, forall

hold and provided there exists an open nonempty subset
027" (027" = 02) such that

AT, X)<f(T,,X) if T,<T,
forall XedQ* (12)
lim f(T,X)=+c  forall XedoQ* (13)
T oc
lim A(T,X)=—c0 forall XedQ*. (14)
T—» —¢
PROPOSITION. The solution of problem (9) exists, is

unique, and is the field which minimizes the functional

Mul=1 L {Grad uoK Grad u} dV

—LQdV+LQFdS (15)

in which

u

Q=0 X)=| §"(»,X)dy (16)

0

u
-

F=Fu X)=[ /(7. X) dp.

0

(17)

Proof. The proof will be divided into three parts:

(1) System (9) represents the Euler—Lagrange equation
and the natural boundary conditions associated to ITu]. Let
us consider the following admissible fields

u=T+oan, ue HY(Q), (18)
in which T is a solution of (9), « is a real-valued parameter
and 7 is an admissible variation.

Hence, the first variation of functional I[«], defined in
(15), is given as

51___J {Grad n°K Grad T-4"(T,X) ’7} av
2

+J F(T, X) n dS. (19)
52
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Employing Green’s Identity and imposing 6/=0 we
obtain (since # is arbitrary)

f { —Div(K Grad T)—¢”} ndV =0 (20)

f (K Grad Ton+f}ndS=0 1)

which represents (9), in a weak sense. It is to be noticed that
(assuming that ¢” belongs to L*(2) and that K belongs to

C*'(2)), T belongs to H*(2) and, hence, since 2 c R> and
Q is sufficiently regular, T is continuous in 2 [4].

(2) 0I=0 corresponds to a minimum, which is unique.
This assertion holds if 7 is a strictly convex functional; that
means

T, +(1-0)T,1< 61T, ]+ (1 —6) I[T,],

T, 2T, in3,0e(0,1). (22)

The above inequality is equivalent to
%j (Grad[0T, + (1—0) T, ]
Q

oK Grad[8T, + (1 —0) T,1} dV

~j OOT, +(1—0) T, X)dV
Q

+f BOT, +(1—0) Ty, X) dS
a2

<%L {0Grad T, <K Grad T,
+(1—0)Grad T,-K Grad T, } dV

~] (60T, %)+ (1-0) O(T3. X)) av
+[ {6RT,X)+(1-0) KT, X)}dS,  (23)
02

or

éfg (1 — 0) Grad(T, — T,)-K Grad(T, — T,) dV

+[ {OR(T, X)+(1-0) AT, X)
a2

—~FOT,+(1-0)T,,X)} dS

[ (60T %)+ (1) O(T. X)

— Q0T +(1—-86)T,,X)} dV>0. (24)
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Since (10), (11), and (12) hold we have
OF(T,,X)+(1—0) K(T,,X)- F(T,+ (1—6) T,, X) >0,
T,#T, onodQ,
OF(T,,X)+ (1—8) F(T,, X)— F(0T, + (1 —0) T,, X)>0,

T, 2T, ondéQ*,8e€(0,1) (25)
—00(T, X)— (1—0) O(T>, X)

+ 00T, +(1-0)T,,X) =0,

T,2T, in2,0e(0,1). (26)

Hence the left side of inequality (24) is always nonnegative.

Let us suppose that the left side of (24) becomes zero. In
this case, once that K is a positive-definite tensorial field and
0Q* is nonempty, we must have

T,=T,+ const in Q (27)
=T, on 0%2. (28)

In order to satisfy (27) and (28) we must have
T,=T, in Q. (29)

Hence the left side of (24) never becomes zero for T, Z T,
in Q and, therefore, I is a strictly convex functional.

With these results we conclude that 67 = 0 corresponds to
a minimum, which is unique.

(3) The field T, which minimizes I, exists (solution’s
existence). Now, in order to assure the solution’s existence
it is sufficient to show that 7 is a coercive functional [5].
A sufficient condition for coerciveness is

lim (I[V“])=+oo, ue H'(Q), u#0.  (30)

y— oo Y

Aiming to demonstrate that (30) holds, we begin taking
into account (10) and (11). Since ¢” and f satisfy (10) and
(11) we conclude that

-0, X)>d(X)u;  a=dX)=—¢"(0,X), XeQ
(31)
Fu, X) 2 pX)u;  B=PHX)=f(0,X), X edQ.
(32)
Hence, we may write
I[yu] ;5[ {Grad yu-K Grad yu} dV
Q
+ F(yu, X) dS
o2+
+ Byu dS + j wudV  (33)
8Q — 02+ Q
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and, consequently,

=

Lt | (Gradu-K Gradu} av
7 Q

2

F(yu, X)
+ Lm . ds

+| puds+ | audv.  (34)
0 — o2+ Q

[é

Since fsatisfies (12), (13), and (14) we have that F(yu, X)
has, for any X € 82", a lower bound. In other words,

j F(yu, X) dS> const. (35)
a0+
Hence, if u is not constant in 2, we conclude that
1 "
~I[yul= % j {Grad u-K Grad u} dV +const.  (36)
Y Q

and, therefore,

lim ({[—:“-1); lim 2 [ {Grad usK Grad u} d¥
y - o )

y— 0 Q
+ const = +00. (37)
On the other hand, if u = const in Q, we have that
1 Flyu, X
—I[yu]?f —(—yu—ldS-%—const (38)
7 a0t Y
and, therefore,
.1 . Flyu, X
lim = ITyu] > lim | P X) 45 4 const. (39)
y—oxc P >0 Ja+
Since (13) and (14) hold, we have that
F(yu, X .
fim 202X _ ( Fyu, X) i)
y— o0 b 7 — oo [u[
= 400, u = const. (40)
and, consequently, from (39),
. 1
lim (%ﬂ> =+ for u=constin Q. (41)
Y — 00

Thus, we have proven that (30) holds. This resuit,
associated to the functional’s continuity and convexity,
assures the existence of a solution that, as we have
demonstrated, is unique.
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THE MINIMUM PRINCIPLE FOR AN
IMPORTANT PARTICULAR CASE

Let us assume that (in problem (8)) ¢, 4, T, ¢, and ¢”
depend only on the position X (e=&X), h= h(X),
T, =T..(X), c=¢X), and ¢” = ¢”(X)). In such a situation
the functional I[«] is given as

Mul=! jQ {Grad u-K Grad u} dV

-j q”’udV+J {to¢ |u®
Q o2

+3h(u—T,)*—cu} ds. (42)

Here the field ¢” satisfies (10), once that does not depend
on T, and the field f'satisfies (11), (12), and (13), being given
as

ATX)=8X) T T+h(X)T—T (X))

—é(X), on 0. (43)

It is to be noted that (11) is not satisfied if, instead of (7),
we employ Eq. (5) for caiculating the thermal radiant loss.
The mathematical behavior of the field f was used for con-
structing the form presented in (7), which is physically
equivalent to (5) while mathematically quite different.

SOME TYPICAL SITUATIONS DESCRIBED BY (9)

Several important situations may be described by (9).
The most famous is the one which takes into account only
the convective heat loss in a linear way [2, 6] giving rise to
the following form of f:

f=hT-T,), h=hX)>0,T,,=T,_(X)=0. (44)
Another particular case arises when the body is sur-
rounded by a vacuum. In such cases we have & =0 and
f=ed |TI’T, e=&X)>0. (45)
In addition to the above-mentioned situations, there exist
infinitely many others in which 4 and/or ¢ are temperature
dependent. For instance, when a body exchanges energy
with the atmosphere by free convection, the coefficient 4 is
given by [7, 8]

h=C|T-T_|™, C =const >0, (46)
in which C depends on body shape and m is such that
m=1%  for turbulent flow
. . (47)
m=j for laminar flow.
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In such cases, neglecting the radiative loss, fis given by

f=CIT=T,|"(T-T) (48)
and, obviously, satisfies (11), (12), (13), and (14).

The cases in which the emittance ¢ depends on the tem-
perature are also frequently found. For instance, when the
considered body is metallic, the emittance is an increasing
function of the temperature and, hence,

f=¢e0|T| e=8(T, X) (49)
satisfies (11), (12), (13), and (14).

Situations in which the body boundary has insulated
subsets are particular cases of (9), too. Such cases arise,
usually, when a symmetry exists.

AN APPLICATION

We shall consider now the energy transfer phenomenon
in an opaque and rigid cylindrical body, with radius R and
length 2L, as shown in Fig. 1. It will be assumed that K, ¢,
h, q”, ¢, and T, are constant, being ¢” >0, T, =0, ¢ =0,

2L

FIG. 1. The considered cylindrical body.
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and K = k1. This phenomenon is mathematically described

by
10/ @ 0 (0 q”
rar(’§>+a(a*:>+‘;—°’

0<r<R —L<z<l,

oT
—~k—=hT+es |[T’T  at

=R
or ¢
—k%]::hT+ea|T|3T at z=1L (50)
z
oT 1

k—a——hT+ea|T| T at

in which r is the radial variable and z is the axial variable.
Since a symmetry exists we shall consider, instead of (50),
the description

10/ @ Jd (0 q”
r@r(r—T)-l_@z( T>+7c_ 0
0<r<RO<z<lL,

or

—k—=hT+ec |T)*T at r=R
or
oT
—k5—=hT+ea|T|3T at z=1L (51)
z
aT
t z=0.
i at z

The functional 7 associated to (51) is given by

I[u]-~_['( [(6”) +<%)2]rdzdr

— LR JOL q"ur dz dr

1R 5
- di
+_5J0 eo ul”r r:lz;L

S
+_—2-j0 hu rdr]

+ —;— &0 ]ul5rdz]

.
+|:—2-f0 hu rdz:lr:R.

Now defining the dimensionless variables 8, £, and # as

k r
l7p)r et

=L

(52)

(53)

and n=%
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and the dimensioniess parameters «, §, and y as

}-

we may rewrite (51) as

1¢ a0 0 (00
- — 1=0
zas<5aé>+ ( >+ ’

D<E<y, 0<n<l,

hL

o and

_ [w(qu/ky

_R
qu y—L

—Z—Z=B6+a|0|39 at &=y

_,gg__ﬁeJr 0°6 at n=1
?: at n=0.
n

The functional I, with the new definitions, becomes

- [+ e
H uédndé+[ j lu)® édé]

=1

+50 zédé] |3 Iulsédnl

alweal

(54)

(56)

In order to present some results, we shall consider the

following finite element approximation (see Fig. 2)

u=(0,.,-90,) <6J;J>

n—n,
001 ()40

U= 2o m—0iv11m) <§;€‘5})

n—n;

+(0i+1'—0i+2+M)( A']

g_éj
48

>+0i+l+M9

>’7__.1j20,

= = s~ 74’ 9ty
P Jj=1,2,3,4,5

NM,

(57)

AE
e -
element 2j-1
An
element 2j
/
/
/
/
1 2 3 / M M+1
T o
[
1 2 / M
/
/
M+1 /
i , i+1
1 j
1+1+4M i+4:M/
(N-1)M+1 [ NM
1 5
s B .
s I -1
£
FIG. 2. The finite element approximation.
in which

omfrmr- s ()]
- frem (5
= (1)
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2(M+1)

N(M+1)

(N+1) (M+1)

(38)

(39)

(60)

In Eq. (58), (59), and (60), “int( )" denotes the “integer part

of.”
The integers M and N are such that

M + 1 = number of nodes along the é-direction,

(61)

N + 1 = number of nodes along the n-direction,

and the increments A£ and 4 are given by

AE=y/M and An=1/N.

(62)
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Substituting (57) into (56) and carrying out the integra- B A4¢ .
tions, the functional I becomes the function '__(25 +A§)_’ if 0,=0,,,
$=000,,0,, .. B(NH)(MH)) j=1,2,3,4,5 .. M (67)
NM N
,j; (4, +B)+E (C,+D))+ g (Ex+F,)  (63) (lOka,ISOkWH)
— 10 1°6
. - . . ’ . E = A (k+1)(M+1) (k+ 1M+ 1)
in which 4,, B;, C;, D;, E,, and F, are given as k=374 6@ecnr s 1y— s o ty) )
1 A
A,-=5Aé A {[(gﬁi)
¢ i Ome y# 0% s
Bi—0i+l+M /L 1 o
+<———A” ) :|<§f,+gdf> Ek=§yAn|9k(M+l)|5,
+|:<0i+2+MA_éei+1+M>2+(9i+1_A0i+2+M)2:I i Omen=0w1im+1)
K k=1,2,3,45 .. N (68)
1 1
x{=&+-4E )7, i=1,2,3,4,5,..NM 64
(2 & 3 £>} ! (4 Fk=EyAn {(Ok(M+1>)3—(9<k+1)(M+1))3}
2 3(0k(M+1)_9(k+1)(M+1)) ’

1
B,= —A¢ A {( i+1 0)<6€j+édé>

if 9k(M+1)¢0(k+1)(M+1)

1 1
+(8;,— 0, —E =4 B '

( +1+M)(3éj+8 é) szzydn(ﬁw“), if Ok(M+1)=0(k+1)(M+1),
+01+1+M<éj+%dé) k=1,2,3,4,5,..,N. (69)
+(6,,,—6 Le 1,

1= 0iv 24 ) g€'i+8 ¢ E———
1 1 N= BETA =10
+(9,-+2+M—9,-+HM)(55,-+ZA5)}, Lo om0
j=12,3,45,.,NM (65) ©)
Cj=zA¢{éj<|0j+1l50j+,—|9,-|59,-> g 5
5 60,16, :
16,317 16,17 2
+A£< J J &
7(9j+1—0j)2 E
g

|9j+1\56j+1_|6j|56j } . 2

- 8.1, f 0,#6; &
6(9j+1—0‘)2 J 1 17{: j+1 E

(26 +A€)— 10;1°,

it 0,=0,,,.j=1,23,45 ..M (66)
g (0,47 = (6)° i
D=7 4% {5,. <3(+—‘Tf)) 0 05 1a
J+l J
) DINENSIONLESS RADIAL POSITION
+ A¢ (-(-—Li'—l—)——:—(——j%- FIG. 3. The dimensionless temperature 6 versus the dimensionless
4(8;,,—6)) radial position &y (or r/R) for =10 (A), =075 (B), 1 =05 (C),

(0 ) -6, 7=0.25 (D), and #=0.0 (E), obtained with 40 finite elements (M =35,
S - DA o A , if 6,#0,,, N=4), assuming that a=0.1, §=10, and y=10. The dashed linc
3(0,,,—0 j)2 ! s represents the uniform temperature approximation.
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b M=s  AeHA=100
N=4  BETA=10
GAMMA = 1.0
0.50 fme_(©) _
©
w
3 ©
[
&
&
a
3
=
=]
2
w
i
-
a
0.276
0213

0.0 0.5 1.0
DINENSIONLESS RADIAL POSITION

FIG. 4. The dimensionless temperature # versus the dimensionless
radial position ¢&/y (or r/R) for n=1.0 (A), n=0.75 (B), n=0.5 (C),
n =025 (D), and n=0.0 (E) obtained with 40 finite elements (M =35,
N =4), assuming that a=10.0, =10, and y=1.0. The dashed line
represents the uniform temperature approximation.

T M=s  APHA=1000
N=4 BETA =10
GAMMA =10

0.413 _{
w
%
=
[+
&
&
9
w
o
x
g
2
w
h =4
-t
a

£.193

0.146 |

0.0 0.5 1.0

DINENSIONLESS RRDIAL PDSITION

FIG. 5. The dimensionless temperature # versus the dimensionless
radial position &/y (or r/R) for n =10 (A), n=0.75 (B), n=0.5 (C),
n=20.25 (D), and =00 (E) obtained with 40 finite elements (M =35,
N =4), assuming that «=100.0, =10, and y=10. The dashed line
represents the uniform temperature approximation.
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9 ALPHA = 10.0
BETA = 1.0

GAMMA = 3.0
0,941 D) _|

"
o«

DIMENSIONLESS TEMPERATURE

0.384

0.257

0.8 0,5 1.0
OINENSIONLESS RADIAL POSITION

FIG. 6. The dimensionless temperature 6 versus the dimensionless
radial position &/y (or r/R) for n=1.0 (A), =067 (B), n=0.33 (C), and
n = 0.0 (D) obtained with 54 finite elements (M =9, N = 3), assuming that
a=100, f=1.0, and y=3.0. The dashed line represents the uniform
temperature approximation.

M=3 ALPHA = 0.1
N=5 BETA=1.0
GAMMA = 04

0,218

DIMENSIONLESS TEMPERATURE

0.130

|
0.0 0.5 1.0

DINENSTONLESS RADIAL POSITION

FIG. 7. The dimensionless temperature 6 versus the dimensionless
radial position &/y (or r/R) for n=1.0 (A), n=0.8 (B), n=0.6 (C), =04
(D), n=0.2 (E), and n=0.0 (F ) obtained with 30 finite elements (M =3,
N=35), assuming that «=10.0, =10, and y=04. The dashed line
represents the uniform temperature approximation.
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M=5 ALPHA =100
N=4 BETA = 100.0
GAMMA = 1.0

0,212 (E) —]

DIMENSIONLESS TEMPERATURE

0.0 0.5 1.0
DINENSIONLESS RADIAL POSITICN

FIG. 8. The dimensionless temperature § versus the dimensionless
radial position &/y (or r/R) for n=1.0 (A), n=0.75 (B), n=0.5 (C),
n=025 (D), and 4 =0.0 (E) obtained with 40 finite elements (M =35,
N=4), assuming that o =10.0, #=100.0, and y=1.0. The dashed line
represents the uniform temperature approximation.

= ALPHA =10.0
= BETA = 0.0
GAMMA = 1.0
0,649 (E) —
(D)
©

DIMENSIONLESS TEMPERATURE

0.427

0.376

a0 0.5 1.0
DINENSIONLESS RABIAL POSITION

FIG. 9. The dimensionless temperature 6 versus the dimensionless
radial position &/y (or r/R) for =10 (A), n=0.75 (B), n=0.5 (C),
7=025 (D), and #=0.0 (E) obtained with 40 finite elements (M =5,
N =4) assuming that « =100, #=0.0 (without convective losses), and
y=1.0. The dashed line represents the uniform temperature approxima-
tion.
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€

FIG. 10. The dimensionless temperature ¢ as a function of # and ¢
obtained with 160 finite elements (M = 10, N = 8) assuming that « = 10.0,
f=10,and y=1.0.

The relation between i and j in Eq. (64) and (65) is given
by (60).

Figures 3-9 present some results obtained from the mini-
mization of the function ¢. The minimum was reached with
the aid of the procedure presented in Appendix I. Each
figure presents the dimensionless temperature 0 versus the
dimensionless radial position &/y (or /R) for (N + 1) values
of the variable #.

The dashed line represents the result obtained when the
temperature is assumed to be a constant. In this case we
have

0= A4 =const, 0<éE<y, 0«1 (70)
in which 4 is the unique root of
y=(BA+a]A]> )2+7y). (71)

Figure 10 presents a tridimensional representation of the
solution for the particular situation considered in Fig. 4.

FINAL REMARKS

The main contribution of this work was the construction
of a minimum principle suitable for nonlinear (conduction/
convection/radiation) heat transfer problems and its
employment in the simulation of a typical problem using
finite elements.

It should be noted that the employment of (7) instead of
(5) was fundamental to constructing the minimum principle
and for ensuring existence and uniqueness of the solution.



SIMULATION OF NONLINEAR ENERGY TRANSFER

When, instead of (8), we employ the description (6), the
existence and the uniqueness are not ensured. This fact may
be illustrated from the particular case in which the body is
a sphere with unitary radius and (in a given system of units)
we have e=1,h=0,T,.=0,¢=0,¢"=0,and K=¢1.In
such a situation, (6) reduces to

%%(,ﬂ%g).plzo, 0<r<1
o (72)

——=T"+T,

r=1
dr

in which r is the radial variable (r = (x* + y* + z%)"/2).
The solution (solutions) of problem (72) is given by

T=A-—> = O<r<l, (73)
in which A4 is a (real) root of
=(A—3)*+(4—3). (74)

Equation (74) admits the real roots 4 =0.489181 and
A= ~0.926131. Thus the solution of (72) is not unique.

Now, employing (8), we have, instead of (72), the
problem

1 d ar
;55<r23;>+1=0, 0<r<«l1,

(75)

dT
~—=|T’T+7, r=1

dr

The solution to (75) is also given by (73) but, now, the
constant A4 is a root of

=1(A=DF (A—H+(4—3). (76)

Equation (76) admits only the root 4 =0.489181 and,
hence, the solution is unique and coincides with the one (of
(72)) with physical sense.

In order to present a situation in which there is no solu-
tion it is sufficient to consider the same set  (defined in
(72)) with e=1, =0, ¢=0, ¢ = —0, and k=¢. Under
these assumptions problem (6) is given as

1 d/(,dT
e —_ | — _0 < R
rzdr<r dr> 1=0, 0<r<l -
77
_d_T_ 4 =1
dr =
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The solution of problem (77) is given by

2

T=A+%, o<r<l1 (78)
in which 4 is a (real) root of
—3=(4+* (79)

It is obvious that (79) does not admit real roots. Thus, there
exist no real solution in this case.

APPENDIX I: THE MINIMIZATION OF ¢

The minimum of the function ¢, defined by (63), is
reached through an iterative process in which each step
consists of minimizing a function of one real variable. This
process may be summarized as

(1) The unknown 8, (i=1,2,..,(N+1)(M+1)) are
initialized as

07 =4;

i=1,2, ,(N+1}M+1), (ALl)

in which A4 is the root of (71).
(2) Minimizing each function ¢, (¢,= §,(0,)) given by

¢1 =&1(91) =$(01a 0(2)5 9(3), oy 0?}v+ MM+ 1))
¢2 =(52(92) =($(eia 927 92, ey 0(()N+ 1M+ 1))
¢3 = 63(93) = 5(91, B;a 03’ 02’ R 9?N+ 1M+ 1))

¢(N+1)(M+1)=¢(N+|)(M+1)(9(N+1)(M+ 1))
_ frnl nt pl 1
—¢(01’ 02’ 93, seey 9(N+1)(M+l)‘l’

9(N+ 1M+ l))’

(AL2)

in which 6 is obtained from the minimization of ¢,(,).

(3) Having obtained the 6)’s we may repeat the second
step for obtaining the 67’s. This procedure is repeated until
the convergence is reached.

The minimum of each function ¢, corresponds to the root
of its first derivative ¢.. This root is, at the iteration n + 1,
reached with the following (Newton-Raphson) scheme

X" = xm— G (x™)$i(x™) (AL3)



320

in which

ROGERIO

x%=67(root of $:(6,) =0

at the nth iteration)

and

+1 '
g+ =x",

MARTINS SALDANHA DA GAMA

(AL4)

(AL5)

m’ being chosen in such a way that, for a given small 4,

X

m+1

X

m’

X

m’

< 0.

(AL6)
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